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Adaptive Scaled Bipartite Consensus
via Funnel Control

Linzhen Yu

Abstract—For consensus, one issue is that its various variants,
such as group consensus, scaled consensus, and bipartite con-
sensus, ought to be proposed as the expansion of research and
applications. Another issue is that consensus should carry certain
performance specifications, to meet some crucial demands, such
as rapidity and safety. In this article, we investigate an integrated
consensus (i.e., scaled plus bipartite consensus) with a prescribed
convergence rate, for a class of uncertain nonlinear MASs. A
funnel-based adaptive scheme is proposed for the scaled bipartite
consensus. Specifically, a time-varying function is preselected to
characterize the prescribed convergence rate. Utilizing this time-
varying function and the relative states defined in the sense of the
scaled bipartite consensus, a fully distributed protocol is designed.
Therein, the funnel gains are critical ingredients to ensure the
prescribed performance, since they would increase the control
signal to be sufficiently large once the relative states approach the
performance boundary. Particularly, the selected time-varying
design function is added to act as a part of the control gain in
the protocol, which is critical to forcing the ultimate convergence
(to zero) of relative states. The proposed protocol is verified by
a simulation example.

Index Terms—Completely unknown nonlinearities, fully dis-
tributed protocol, funnel control, prescribed convergence rate,
scaled bipartite consensus.

I. INTRODUCTION

ONSENSUS, aiming at an agreement on the same

value/trajectory, has been the primary objective for
MASs [1], [2], [3], [4], [5], [6], [7]. With the expansion
of research and applications, a lot of variants of consensus
have been proposed. For example, group consensus means that
agents are forced into several groups depending on the network
while reaching intragroup agreements, via interactions not only
within a group but between different groups [8]. Bipartite
consensus under cooperative-antagonistic interactions refers
to agents reaching a two-group agreement, with agreement
variables in two groups owning the same size but opposite
signs [9], [10]. Scaled consensus requires agents to agree on

Manuscript received 28 September 2023; accepted 12 January 2024. This
work was supported in part by the National Natural Science Foundation of
China under Grant 62033007 and Grant 61821004; in part by the Taishan
Scholars Climbing Program of Shandong Province; and in part by the
Major Fundamental Research Program of Shandong Province. This article
was recommended by Associate Editor H. Modares. (Corresponding author:
Yungang Liu.)

The authors are with the School of Control Science and Engineering,
Shandong University, Jinan 250061, China (e-mail: yulz@mail.sdu.edu.cn;
lygfr@sdu.edu.cn).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TSMC.2024.3354932.

Digital Object Identifier 10.1109/TSMC.2024.3354932

and Yungang Liu

a set of proportional values/trajectories rather than a single
one [11].

In this article, we consider an integrated consensus, i.e.,
scaled plus bipartite consensus, where the agreement variables
are adjusted to be proportional and of opposite signs [12], [13].
More precisely, when cooperative-antagonistic interactions
exist, it is desirable to assign different proportions (rather
than the same amplitude) to agents in two opposite groups,
reflecting different degrees of cooperation and competition.
Such an integrated consensus, rather than any separate one, can
be found in many actual scenarios/tasks. For example, people’s
opinions on an issue are not going to be completely opposite
or in agreement. A massive search by multiple aircraft may
occur in reverse regions. Robots on the same team will be
assigned to different positions in robot competitions.

Apart from the integrated consensus, the prescribed
performance is also taken into account in this article. This is
a crucial step to further push the consensus forward to real-
world applications, since synthesizing explicit and quantitative
performance specifications helps to guarantee some vital actual
demands, such as safety and rapidity [14], [15], [16], [17].
Remark that the scaled and bipartite consensus, ever since
their emergence, have been separately studied, for various
types of MASs (like integrator-type systems [9], [18], [19],
[20], [21], general linear MASs [22], [23], and nonlinear
ones [24], [25], [26]), over different kinds of graphs (like
fixed undirected graphs [19] and switching graphs [20]), to
name just a few. In contrast, there are fewer results concern-
ing the scaled bipartite consensus [12], [13], and moreover,
most of them exclude the prescribed performance. Recently,
in works [27] and [28], the bipartite consensus has been
achieved for uncertain nonlinear MASs, where the variables
of interest are confined to evolving within the prescribed
performance boundary while converging ultimately to residual
sets. Whereas to the best of the authors’ knowledge, no
performance-related results on the scaled bipartite consensus
have been reported.

Centering on the scaled bipartite consensus with a
prescribed convergence rate, this article aims at a class
of uncertain nonlinear MASs subject to unknown control
coefficients and completely unknown nonlinearities. It is
noted that raising the strength of system nonlinearities would
bring increasing complications/difficulties in the control design
and analysis. In works [19] and [26], bipartite consensus
and scaled consensus were separately considered for MASs
whose nonlinearities satisfy the Lipschitz-type condition.
This condition enables the nonlinearities to transform into
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relative-state-related forms so that the desired consensus can
be achieved using only relative states. However, such nonlin-
earities are essentially homogeneous, which is rather restrictive
for MASs. Work [25] addressed the bipartite consensus for
a class of MASs where the nonlinearities are parameterized
by certain known nonlinear functions and unknown constants.
Such nonlinearities can be heterogeneous, but the known
nonlinear functions therein are necessarily utilized to design
the protocol, leading to the utilization of agents’ absolute
states. Furthermore, when the system nonlinearities are com-
pletely unknown, as in our result, the control design cannot
acquire anything from nonlinearities. This, together with
unknown control coefficients, directly results in insufficient
model information, hindering the protocol design. Although
the MASs are of rather coarse information, we still pursue
the scaled bipartite consensus with the prescribed convergence
rate. Moreover, an asymptotic steady state (i.e., the relative
states asymptotically tending to zero), instead of a practical
one as in [27] and [28], is to be performed.

Faced with prescribed performance requirements and insuf-
ficient model information, a powerful control strategy is
demanded that can not only handle uncertainties/nonlinearities
but guarantee a prescribed convergence rate. In this regard, the
funnel control scheme comes as a good choice [14], [29], [30].
Specifically in this article, the first step is to preselect a suitable
time-varying function characterizing the prescribed conver-
gence rate and combine it with the relative states to design
the funnel gains. Then, construct the delicate intermediate
variables by appropriately matching the relative states and the
funnel gains, based on which, a protocol in a fully distributed
manner is designed. In particular, the preselected time-varying
design function is introduced in the protocol to be a part of the
control gain [see (2)], which potentially enhances the control
effect, facilitating an asymptotic steady state. Additionally,
as for the performance analysis, a critical task is to show
the boundedness of the funnel gains. For this, we elaborately
construct the Lyapunov function candidate by taking into
account the properties of the directed signed graph. Integrating
the boundedness of the funnel gains and the form of the
intermediate variables, it is shown that the desired consensus
objective is achieved.

The features/merits of this article are emphasized as follows.

1) The uncertain nonlinear MASs permit nonidentical
unknown control coefficients and unknown non-
linearities with nonparametric uncertainties. Such
heterogeneous MASs are challenging to achieve the
desired consensus.

2) Scaled plus bipartite consensus, instead of simple con-
sensus, is pursued. More than that, the consensus is
achieved with the prescribed convergence rate and with
the ultimate convergence to zero rather than a residual
set.

3) The advanced funnel control approach is leveraged to
design the protocol which only depends on relative states
and which does not utilize any global graph information,
despite the coarse model information of MASs.

The remainder of this article is organized as follows.

Section II collects some preliminaries, including some
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notations, graph theory, and useful lemmas. Section III formu-
lates the uncertain nonlinear MASs and the desired objective,
and moreover, the significance of the considered problem
is discussed. Section IV presents the design and analysis
processes of the desired performance-prescribed scaled bipar-
tite consensus. In Section V, the theoretical results are applied
to a simulation example to verify the effectiveness. Section VI
provides some concluding remarks.

II. PRELIMINARIES

Notations: Let R and R, represent the sets of real num-
bers and real numbers not less than 7y, respectively. Denote
the real N-dimensional Euclidean space by Ry. Denote the
N-dimensional column vector with all entries being 1 by 1y.
Let ® denote the standard Kronecker product. Let Apyin(A) and
Amax (A) represent the minimal and maximal eigenvalues of the
matrix A, respectively. Let sgn(b) denote the sign of constant b.

Graph Theory: In MASs, the communication topology
which is described as graph G is used to characterize
information interactions between agents. A signed graph is
denoted by G = {V,€&}, with V = {1,2,...,N} and € C
VY x V, respectively, denoting the sets of nodes (agents) and
edges (information flows). An edge (j, /) € £ means that there
is a directed path from node i to node j, and then j is called
a neighbor of i. Matrix A = [a;j]nxn, Which satisfies that
a; # 0, when (j,i) € £ and a;; = 0, when (j, i) ¢ &, is the
adjacency matrix. In particular, it is assumed that self-loops
are not allowed, i.e., a;; = 0. The associated Laplacian matrix
L = [Lijlyxn is formed as follows: L;; = —ayj, for any i # j
and £ii = Zj;éi |a,]|

A directed graph is said to contain a spanning tree implies
that there is at least one node with directed paths to all of the
other nodes. A signed graph is structurally balanced if there
is a bipartition satisfying Vi UV, = V and Vi NV, = 0,
such that a;; > 0 when nodes i and j are in the same partition
and a;; < 0 when i and j belong to different partitions. For a
structurally balanced signed graph, the signature matrix ® =
diag{fy, ..., 6y} is defined with 6; = 1Vi € V| and 6; =
—1Vie.

Furthermore, the augmented graph G = {5_ , ]_2} with V =
{0,1,...,N} and € = EU{(0,i) : bj # 0} € V x V,
characterizes the interaction between all N+ 1 agents. Therein,
b; > 0 implies cooperative relation while b; < 0 implies
competitive relation.

Technical Lemma: For a directed signed graph G, the
following lemma is given, being helpful for the later consensus
analysis. Their proofs can be found in works [31] and [32]
and hence are omitted here.

Lemma 1: If the directed signed graph G contains a span-
ning tree where the root is the leader and the subgraph G is
structurally balanced, then the following statements hold.

1) The matrix £; = L + B is nonsingular and all

its eigenvalues have positive real parts, where B =

diag{|b1], ..., |bnl}.
2) There is a positive diagonal matrix P =
diag{pi, ..., py} such that Q = PL; + E]TP is positive

definite.
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III. PROBLEM FORMULATION
A. System Models

Consider a complex network composed of N followers and
one leader. Therein, the involved ith follower, i = 1,..., N,
has the following second-order uncertain nonlinear dynamics:

Xi,1 = Xi,2

| 0
Xi2 = giwi + fi(t xi21)

where x; 2] = [x,;l,xi,g]T € R, is the system state vector of
the ith follower, with x; [21(f0) = Xi0,[2] = [x,‘yl(t()),x,',z(to)]r;
u; € R is the control input; the unknown constant g; is termed
the control coefficient whose sign is known; f;(-) is called the
system nonlinearity which is continuous and locally Lipschitz
in its first and second arguments, respectively. Moreover, the
leader state xq(#) is described as a continuously differentiable
time-varying signal.

In what follows, two mild assumptions are imposed on the
agents’ dynamics.

Assumption 1: The unknown nonlinearities f;(t, x; [2])’s are
locally bounded in x; 2] uniformly in 7, which means

it xi21) | < fi(xigar),

with f;(x; 2])’s being some unknown non-negative continuous
functions.
Assumption 2: The leader state x(¢) is bounded and there is

i=1,...,N

fu})(lko(t)|+|550(t)|) =M
0o

for an unknown constant M > 0.

Remark 1: Assumption 1 stresses the local boundedness
of system nonlinearities with respect to each bounded set of
X; 2], which will be only utilized in the consensus analysis.
That is, fj(-) cannot provide anything for the protocol design.
In addition, the lipschitzness satisfied by f;(-) in this article
is local and no global Lipschitz-type condition [19], [26]
and parameterized form [25] is required. In this sense, the
unknown system nonlinearities in this article would cover
more types of nonlinear functions. Assumption 2 gives the
boundedness of the leader trajectory and that of its first and
second derivatives, which facilitates the exclusion of the finite-
time escape of the closed-loop system solutions.

The considered N+ 1 agents interact with each other via the
communication topology which is characterized by a signed
graph G, and particularly the communication between follow-
ers is modeled by the subgraph G. In this article, concerning
the communication topology, we have the following typical
assumption.

Assumption 3: The signed graph G contains a directed
spanning tree where the leader acts as the root and moreover,
G is structurally balanced.

It is noted that, as revealed in the classical results [1], [9],
the connectivity and structural balance required in
Assumption 3 are necessary conditions to achieve consensus
in the bipartite sense. More than that, under Assumption 3,
according to Lemma 1, £; is nonsingular, and its eigenvalues
all have positive real parts. This will be frequently used in
Section IV.

B. Control Objective

For N followers described as (1) and the leader xo(t),
under Assumptions 1-3, we intend to achieve the performance-
prescribed scaled bipartite consensus (scaled consensus over
the directed signed graph G). Specifically, by virtue of the
funnel control strategy, design a fully distributed protocol

up = ui& ), v ),

where &) = [&1,&21" € Ry with &1 = Y7, |ay| -
(aixi1 — ajsgn(ai)x;,1) + |bil(aixi1 — sgn(bi)xo) and &;» =
Yo laijl (cixi 2 —aysgn(ay)x; 2) +bil (ixi 2 —sgn(bi) ko), such
that the following statements hold.

1) For given initial value of followers x(fp) =
[xlTo’m, ... ’xﬁo,[zl]T € Ryy and that of leader xy(1p), all
the closed-loop system signals are bounded on [#y, +00).

2) The relative states &1 and & o converge with a
prescribed convergence rate 1/1(¢), namely, there are
SUP,s.so ¥ (1)[&1.1] < +00 and sup,..,, ¥(1)[&;2] < +00.

3) The scaled bipartite consensus is achieved: for consensus
errors ej1 = oix;1 — 0ixo and e;2 = a;xi2 — BiXo,
i = 1,...,N, there are lim;e€;1(f) = 0 and
lim;— 400 €;,2(f) = 0; namely, the ultimate convergence
(to zero) as time tends to be infinity is guaranteed.

Therein, ¢;’s are positive scale constants and 6;’s are defined
as in the graph theory of Section II. Moreover, the function
¥ () used to characterize the prescribed convergence rate
is continuously differentiable on [#p, +00) and particularly
satisfies.

i) ¥ (t) > 0, for any ¢ > 1.

il) limy, 4o ¥ () = 4o00.

i) w(t) < ¢y (¢) with constant ¢ > 0.

Remark 2: We would like to specify the properties of ¥ (¢)

as follows.

1) In the later results, ¥ (f9p) is chosen to meet the
initial value condition V¥ (#)|zix(f0)] < 1 (see later
Proposition 1), where z;4, i = 1,...,N, k= 1,2 are
intermediate variables in the designed protocol (i.e., (2)).
This helps to ensure the transient performance of the
system.

2) Combined with SUP;> 4, vkl < Hoo, i =
1,...,N, k= 1,2, the property ii) of ¥ (¢f) ensures the
ultimate convergence (to zero) of the consensus errors.

3) Property iii) means that the prescribed ¥ () grows at
most with an exponential rate, which contributes to
estimations in the later performance analysis.

In fact, there are many familiar functions which can be chosen
as (1), such as ¥ (f) = 2" — gy with o1 > 0,0 < 0o < 1,
and ¢ > (01/(1 — 02)); ¥ () =1In(o1t+ 1) + g2 with o1 > 0,
02 > 0 and ¢ > (01/02). Therein, g1 and g, depend on the
initial values of system states owing to the initial condition
Yv(o)lzix(to) <1, i=1,...,N, k=1,2.

i=1,...,N

C. Significance

First, one can see from the control objective described
in Section III-B that two common consensus objectives are
contained. Specifically, when o; = 1 for i = 1,...,N,
the desired control objective becomes bipartite consensus;
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when 6; = 1 for i = 1,...,N, ie., the communication
graph is completely cooperative, the achieved consensus is
scaled. Moreover, essentially different from the qualitative
consensus (without computable boundedness and/or conver-
gence rate) [1], [2], [3], explicit and quantitative performance
specifications for safety and rapidity are considered in this
article, which is a crucial step in pushing consensus forward
to real-life applications.

Second, the scaled bipartite consensus finds applications
in many real-life scenarios, such as opinions in the decision
process and massive research of multirobots in reverse regions.
More than that, the integrated consensus under investigation
is enlightening in terms of multiple agents assisting a single
agent to perform a task more effectively. Consider a scenario,
for example, in which an air defense missile intercepts an
enemy missile. In this context, it is not difficult to design a
controller for an agent (the air defense missile) to practically
track a time-varying signal (the enemy missile) with the aid
of existing results [33], [34]. Take this agent as the active
(i.e., up # 0) leader whose control input is designed to
satisfy Assumption 2 (introduced in Section III-A). Then, the
e-neighborhood resulted from the practical tracking can be
filled up to a certain extent if we assign N followers to achieve
the scaled bipartite consensus for assisting the interception of
the leader, which improves the success rate of the interception.
Furthermore, it is worth pointing out that with an active leader,
to the best of the authors’ knowledge, few existing results
can achieve asymptotic consensus tracking via a continuous
control strategy, while this issue can be included in our result.

IV. SCALED BIPARTITE CONSENSUS

In this section, the distributed protocol design and
performance analysis for the performance-prescribed scaled
bipartite consensus are presented. Specifically, invoking the
funnel control strategy, a fully distributed protocol is first
designed. Under the protocol, the existence and uniqueness
of the solution concerning the resulting closed-loop system
are discussed. Then, two propositions are given, respectively,
characterizing the dynamic behaviors of the intermediate
variables z; x’s and unfolding the implication relation between
the boundedness of z; x’s and that of A;x’s. Finally, the main
result is summarized into a theorem.

For each follower, we design the following protocol based
on the relative states:

zi1 =61

1
hi,l(t, Zi,l) = m

zi2 = hia(t.zi1) (kizin + &i2) (2)

1
hi,z(f, Zi,z) = m

— sgn(g) V¥ (Dhi1 (1, zi,1)hi2 (1, 2i2)zi2

where «; 1 is a constant to be designed; A; 1(-) and h; 2(-) are
referred to as the funnel gains. Throughout this article, we will
denote them for brevity by A; x or h; x(¢) (with k = 1, 2) if no
confusion arises.

Remark 3: One can see from (2) that the signs of g;’s are
critical ingredients for the protocol design in this article. When

u =
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the signs are unknown, i.e., unknown control directions are
considered, there have been numerous results for MASs where
system nonlinearities either satisfy Lipschitz-type condition or
are with parametric uncertainties [35], [36], [37]. But, when
unknown system nonlinearities as in this article exist, no
related work has been reported to deal with the aggregations
of unknown control directions (caused by distributed inter-
actions). In this context, a specialized treatment is needed,
integrating advanced techniques and even a new perspective,
which deserves further study.

Noting the definitions of consensus errors e;’s in
Section III-B, with (2), we have the error dynamics shown as

éi1 =eip

éip = =¥ (Dgiloihihipzia + oifi (1, xi21) — Oio.
Then, by defining e = [e;1,....,ena1l", e =
le1n,....enpl', Hi = diag{hi1,....hv1}, Hy =
diag{hl,z, e hN,Z}, A = diag{al, [N OlN}, G =
diag{|gi|,....lgnl}, 22 = lzi2,....av2l!, F(t,x) =
i), ....fnOIT and ® = diag{6,...,0y}, the error

dynamics can be written in a compact form

élzez

3
— Y (DAGH Hyzp + AF (1, x) — Oly ® %o. )

e =
Concerning the closed-loop system (3), the existence and
uniqueness of the solution is first discussed. From the defini-
tions of &; x’s and ¢; ;’s, one can readily obtain & = L;eg, with
er =1lers .. ..enill, & = [E1s ... En ). In what follows,
unless otherwise specified, i =1, ..., N, and k = 1, 2. By the
relationship & = Ljex, and the fact £; being a nonsingular
matrix whose eigenvalues have positive real parts (according
to Assumption 3 and Lemma 1), we define the following two
sets:

Dy = {(t.c1) € Rey x Ry|yOlcial < 1, i=1,....N}

D, =1 e1)€eDi,er € RN"#U)!Z;’,z(hi,l, )| <1

i=1,...,N}.

From this and the forms of funnel gains in (2), we learn
that when the system states tend to the boundaries of D and
D;, the corresponding funnel gains grow to be sufficiently
large and take effect of compensating serious uncertainties.
From the definition of %; (), one can derive the smoothness
of hi(:) = [h11(),....hy1(:)]" on D;. With this and
zio = hi1()(ki1zi1 + &2) in (2), it follows that zo =
[z12,--. ,ZN,Q]T is smooth on D,. Moreover, fori =1, ..., N,
the nonlinearity f;(-) is continuous and locally Lipschitz on
D,, in ¢ and x; 7], respectively, and xo(f) is a continuous
differentiable signal on Dj;. From these, it follows that the
right-hand side of (3) is the Lipschitz continuous in e =
[elT,[2J’~"’817\;,[2J]T € Ryy and continuous in ¢ on Ds.
Note that, for given initial value e(fg) € Roy satisfying
¥ (to)|zi k| < 1, one can observe (tg, e(fy)) € D>. Then, by [38,
Th. 3.1, p. 18], the closed-loop system has a unique solution
(t, e(t)) € Dy on a small time interval [0, ), and furthermore,
according to [38, Th. 2.1, p. 17], the solution can be extended
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to the maximal existence interval [z, #;) with 7y < #y < +o00.
It is noted that if #r < +o0, then the closed-loop system states
would tend to the boundaries of D and D; as t — ff, and if
tr = 400, all the closed-loop system states are well-defined
on [0, +00) with respect to sets D; and D5.

In what follows, we give two important propositions which
will be useful for the later proof of Theorem 1.

Proposition 1: Let V(t,z2) = (1/2) Zivzl gipiailoghio
with g;, p; and «; being defined in (1), Lemma 1 and the
control objective, respectively. Suppose that v (t)|zix| < 1,
i=1,...,N, k=1, 2. Then, there is a small positive constant
& such that

T R s
Vs =2y @) dlgilpioihiy + ¥ @0ptn, 20 @4)
i=1
where p(-) is an unknown continuous positive function.
The proof of Proposition 1 is somewhat involved and will
be given later in the section.
Proposition 2: Suppose z;(f)’s are bounded on [fo, tr).
Then, SUD;efry.17) hi k(t, zi k(t)) < 400 holds.
Proof: At first, we prove that A;(¢)’s is bounded on
[t0. 7). Let Vi1 = (1/2)(1ﬂ(t)zi,1)2. Then, along the system
trajectories, the time derivative of V; 1(-) satisfies

Vit = vV 02 + ¥ (Oziazin Vel ). )

By (2), one can readily obtain that z;1 = &2 = h;llz,;z —
ki 1zi,1, which, combined with ¥ (f)|z; x| < 1, hl._ll =1-2Vi,
and V(1) < ¢y (¢), makes (5) be

Vit < —2(ki1 —c+ 1)Viy + 1. (6)

Since k;1 > ¢ + 1, we know that when V;i() >
1/Q2(ki1 —c+ 1)), there is Vi,l < 0. This implies V;1(-) <
max{V; (o), 1/2ki1 —c+1))} < (1/2). By the rela-
tionship between V;i(-) and h;1(¢), one can derive the
boundedness of h; 1(f) on [to, 7).

We next prove the boundedness of h;>(f)’s on [fo, tr).
Noting that z; «(¢)’s and h; 1(#)’s are bounded, for ¢ € [fo, t7),
we can easily derive the boundedness of &;x’s, as well as
that of e¢;x’s and x;x’s, under Assumption 2. This, together
with the continuity of p(-) in Proposition 1, implies that there
is an unknown positive constant M such that p(-) < M.
The existence of constant M benefits from the boundedness
imposed on MASs by Assumptions 1 and 2.

More than that, from the relation 4; > > 1 [by the definitions
in (2)], it follows that:

hi2,2 > h,’_yz > IOg hi,z. (7)
With (7) and p(-) < M in hand, by invoking (4), we have
V<y@®(-oV+M) Vi€l ). (®)
Observing (8), one can obtain V < 0 when V() > (M/a).
This implies
M
V() < max{—, V(to)} < 400 Vte[1,t)
o

which, together with the definition of V(-) in Proposition 1,
directly implies the boundedness of %; 7’s. |

Remark 4: Under the funnel control scheme, proving the
boundedness of funnel gains is critical to the control effective-
ness, especially to ensuring the prescribed convergence rate.
The boundedness of h;1’s is conducted by selecting “sub”-
Lyapunov function V; 1(-). But for the boundedness of %; s,
the similar treatment would lead to heavy couplings of funnel
gains between neighboring agents (i.e., h;» and h;>), owing
to the distributed interactions. As such, we resort to V(-)
in a summation form (i.e., Z?[:l() in Proposition 1) which
permits us to utilize the graph theory for dealing with the
coupling. Particularly, using the logarithm function in V(-),
which matches with the form of funnel gains #;>’s, provides
the delicate treatment on the related term of z;2z;2 [see the
later treatment of (17)]. This helps to obtain (4) which is a pre-
requisite for the boundedness proof of 4; ;’s in Proposition 2.
Moreover, the property of y > logy when y > 1 is helpful for
the wanted form of V(z, ).

On the basis of the above two important propositions, we are
ready to summarize the main theorem on the scaled bipartite
consensus with the prescribed performance.

Theorem 1: Consider the uncertain nonlinear MASs com-
posed by (1) and xo(#) under Assumptions 1-3. If ¥ (¢) is
preselected to satisfy v (f)|zix(fo)] < 1 for given initial
values, the distributed funnel-based protocol (2) guarantees
that, for given initial value x(#9) € Ray, all the closed-loop
system signals (i.e., x; x(t), & x(t) and h;x(t) fori=1,...,N
and k = 1, 2) are bounded on [fy, +00). Moreover, the scaled
bipartite consensus is achieved with & ;’s evolving with a
prescribed convergence rate 1/ (f) and ultimately converging
to zero.

Proof: Note that, for given initial value x(f9) € Ry, there is
Yv(o)lzik(to) <1, i=1,...,N, k=1,2. By the discussion
on the existence and uniqueness of the solution, a unique
solution exists on the maximal existence interval [to, #r). Then,
one can readily obtain, for any ¢ € [f, tf)

Vv(Olzixgl <1, i=1,....,N, k=1,2. 9)

In what follows, we first prove the boundedness of z; x’s and
xik’s on [to, tr). From (9) and ¥ (1) > 0, for any ¢t > 1o,
it follows that |z; x| < (1/¥(¢)). Owing to lim; o0 ¥ (f) =
400, there must exist a finite time 7 € (7, tr) such that ¥ (1) >
€ for any 1 € (7, tr), with a positive constant €. Then, one can
obtain |z; x(1)| < 1/e < 400 Vt € [1, ty). This, together with
the selected initial system values, deduces the boundedness
of zix(#)’s on [to,tr) by the aid of the continuity of the
closed-loop system. With the boundedness of z;,’s, noting
Proposition 2, we can conclude that the funnel gains h; x(t), i =
I,...,N, k= 1,2, are all bounded on [fo, tr). Then, noting
(2), the boundedness of z;x’s and A; ;s implies that of &; ;’s.
Keeping this in mind, by & = Ljex and the nonsingularity
of matrix £, we can naturally conclude that e;;’s are also
bounded on [fy, #r). Then, by the definitions of e;x’s and
Assumption 2, one can readily obtain the boundedness of x; ;s

on [1, tr).
Moreover, from the boundedness of &; ;’s and h; ;’s, noting
(2) and (9), we arrive at u;, i = 1,..., N, are bounded on

[t0, tr). Hence, no finite-time escape phenomenon occurs, i.e.,
tr = +o00. Furthermore, since (9) holds for #r = +oo, there
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must be |z; x| < (1/¢ (1)) on [ty, +00). Then, from the design
of zix’s in (2), it follows that:

&1 = Zil

. (10)
§i2 = (h,-,l (0zi2 —Ki,lzz',l)
which, together with ¢ (f) > O and the boundedness of
h; x(t)’s, directly implies

supy(H)|&ik] < +oo, i=1,... k=1,2.
>t
Therefore, noting lim;_, o ¥ (f) = +o00, |& k|’s converge to
zero at a rate of at least 1/ (¢). In particular, by ¥ (¢)|z;1(¢)] <
1 and &1 = z,1, we know that & ; always evolves within
the prescribed performance boundary described by 1/ (¢), for
any ¢ € [tg, +00). From the definitions of e; x’s, it follows that
the desired scaled bipartite consensus is achieved. |
It is noted that by the aid of & = L;e; and the fact that all
the eigenvalues of the nonsingular £; have positive real parts
(under Assumption 3), we deduce the following relationship:

N
Zs, =&l &= el L1 Lrex = dmin(L]L£1) D edy. (11)

i=1

Moreover, when the relative states are forced to converge
with the prescribed convergence rate 1/ (f), one can obtain
SUP;=4, (Zf\;l lpz(t) . Sizk) < 400, by which and (11), we can

derive sup,zto(,/)Lmin(ﬁlTﬁ])l//(t)ei,k) < +4o00. From this, it
follows that when the global information (i.e., /Amin (,CIT,C]))

is available, the convergence rate of consensus errors (unavail-
able for the protocol design in MASs) can also be prescribed,
by prescribing the convergence rate of relative states.

Remark 5: Funnel control is capable of ensuring the
prescribed performance boundary of the states that are used
to construct the funnel gains (i.e., h;x’s in this article).
In this sense, observing from the forms of A;;’s in (2),
what we ensured is the prescribed performance boundary of
intermediate variables z; x’s rather than that of relative states
& «’s. It should be pointed that the introduction of intermediate
variables is common for the control design of second-
order (or higher-order) MASs. Particularly, the delicate forms
of z;x’s facilitate the implication between the performance
boundaries of intermediate variables (i.e., ¥ (?)|zix] < 1)
and the prescribed convergence rate of relative states (i.e.,
SUP>4, Y18kl < +00).

Remark 6: As for the ultimate convergence (to zero) of
&ik’s, the property lim;_, 4o ¥ (f) = 400 provides the pow-
erful guarantee. However, in the existing related results, this
property generally came with some restrictions on system
models [39] or was even not permitted [15], [17]. In this
article, by extra introducing the ¥ (¢) into the protocol and
delicately constructing the intermediate variables (see (2) in
Section 1V), the property lim;_, ;o0 ¥ (f) = +00 is permitted,
without imposing other restrictions on the systems.

Proof of Proposition 1: By the definitions of h;2’s in
(2), we have 2= 213, ¥ (D22 (Y (Dzi2 + Y (#)Zi2) and 1 —
Wz, 2)? = h (by hi2(t) > 0 on [ty, tr)). With these in
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hand, taking the time derivative of V(z, zo) along the system
trajectories, one can readily obtain, on [#g, tf)

N
. 1 _ .
V=2 Slsilpiini; (0hia @)
i=1
N
= > lgilpiihi 2 v (O (177,
i=1

N

+ Z \8ilpictihi o ¥ (Dzi22i2-
i=1

12)
First, by ¥ (f) < ¢y (r) and completing the square, we have

N
> lgilpiaihi oy Doty (77 5

i=1

< Y clgilpioihi ¥ ()77

=1
N
< Y0 Y clgilpicihizlzial

i1
lm(zz))

= wm(Zz—z

with [ being a positive constant determined later and p1(z2) =
Zf»vzl (clgi |p,~ot,'z,',2)2 being a non-negative continuous function.

Next, we would like to tackle the second term on the right-
hand side of (12). Noting the definitions of z;2’s in (2), we
have

13)

Zip = hii(kinzin +&2) + hit (ki1 + &i2)
5 )
Ki1hiazin + hia&io.

(14)
= hith; | zi2 + Kiazip —

Therein, the term I'z,',l can be calculated as follows, by
combining with &, = h 22 — ki12;,1 [according to (2)]:

hiy = 21 W (O (DZ ) + 2hi 1 (D212
—2i1 V(02
with which and v (#)|z;2| < 1 for any 7 € [19, tr), we have

Z \ilpictihi ¥ (0)2] yhi 1 i}

i=1

2|gilpictihi 2 |zi, 2|((C + i, )hi1 + 1) (15)

Mz

i=1

N h2 I
w<r>(2—+ 02(12,h1)>

i=1
where the positive continuous function pp(z2,h1) =
ny:l(Zgipioz,-z,-,z((c—l—K,-,])hi,l + 1))2. Similar to (13), one can
obtain

i lgilpieihi aki Y2 (022,

<) (Zﬁv iz 4 l’”(@)),
oI lgilpicihi ok hi YR ()2, 1212

< x/x(t)(z, G+ g )

(16)
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with  p3(+) = vazl (g,-p,-oz,-lc,',1z,-,2)2 and p4(+) = Keeping these in mind, by Assumption 1 and completing the
Zf\’: 1(g,-piai/<i21hi,1z,',2)2 being non-negative continuous square, one can obtain

functions.

Moreover, noting (12) and the last term of (14), as well as
& = Liex, the term Y N | |gi|pictihi 2hi 19%(D)zi26; 2 can be
written in a compact form, and specifically invoking (3), we
have

N
> lgilpicihiahi 1y ()7 2i 2
=1
= Y2(0z GAH|HaPL1é)
= — 3 (02 GAH | HoPL 1 HaH\AGzy + (1) 25 GAH,
-HyPL | (AF(t, x) — Oly ® Xp).
By 2 YGAH|H,PLIHHIAG:y = (1/2)z3GAH Hy(PLy +
rr 1 P)H2H1AGZ, and Lemma 1, one can readily obtain

— (2 GAH{H,PL1HaH AGz2;
1
= - —1/f3 (t)z GAH{H,QH, H AG2)

IA

1
—Ew(r)xmm@)Zg Phi i (17)

i=1

‘// (I)Z, 2-

This essentially benefits from the technically selected V(-) and
the designed form of A; »’s.

Noting the definitions of %;2’s in (2) and h;2(¢) > 0, we
directly derive l/fz(t)zl%2 =1- hl_21, and hence we have

o2n?

i hl 1 (h —hi 2)

This, together with (Amin(Q))/23 N, g2a afhi hip <
YL ()21 + 3L, (1/8)(hmin(Q)g7e?h?|)? by complet-
ing the square (with / being a positive constant determined
later), directly implies that (17) can be further estimated as
follows:

grahi \h P (02, = gie

— (2 GAH{HyPL1HyH AG2,

N
1 1 los(h
< w(o(Z(z—l - Exmm@g%a?hil)hiz + ps; ‘)) (18)
i=1

where ,05(') (1/4))\mm(Q) Zl 1(8,

continuous function.

In what follows, to complete the estimation for term
Zf-vzl |gi |p,~o¢,~h,~,1hi,2w2(t)zi,2§i,2, it remains to tackle
V2 (02 GAH\HoPL1 (AF (1, ) — Oly ® o).

Noting 1//2(t)zl.22 < 1 and h;» > 1, one can readily obtain

121)2 is a positive

VOlzyHall = \/ V(2o + o+ o)

Zh 2<Zh,2

IA

Moreover, by the feature of diagonal matrixes, there are
IGII = maxi—1, .. ~{lgil}, IPI = maxi—i . ~f{pi}, IAIl =
max;—i . ny{a;} and ||®| = 1. In addition, for the nonsin-

.....

gular matrix L, ||£]| can be represented by , /)Lmax(ﬁl Ly).

V2(1)zh GAH HyPL1AF (1, X)
N 12

h l
v X5+, m,

N
)‘«max (ﬂ{wcl) Z]_Ckz)

k=1

N2 log(x h
:Wt)<zz_ll+ pa(); )

i=1

19)

where pg() = (ke pichi, ) max (LT L1) -
Ziv:lsz (+) is a positive Contmuous function.

Following with similar treatments and noting Assumption 2,
we can also obtain:

max=1,

— (2 GAH{H,PL1©1y ® k)
N 2

h; I
< W”(Z o7 T3 ,max

=

{ (gxorrpichi,1 )2}

‘)\max (,C{,C])M2>

" loy(h
= wm( oy ) “)
i=1

with p7(-) = maxp=1,.. N {(gkkpihi,1)*} hmax (L] L1)M? being
a positive continuous function.
Substituting (13), (15), (16) and (18)—(20) into (12), one

can readily yield
Y7o

V< W)(Z(z—l —~ Exmm(Q>g,?a?h?,1)h§2 +p(hy,z, x))
i=1

(20)

where p(-) = (I/2) Zzzl(pr(-)) is an unknown positive
continuous function.

Then, noting h;x(f) > 1 and taking sufficiently large
[ > 7/Omin(Q)g’e?) with g = mini—y __yilgil} and @ =
min;—1, . n{ai}, there is a small positive constant & immedi-
ately such that (4) holds.

This completes the proof of Proposition 1. |

V. SIMULATION EXAMPLE

In this section, a numerical example is given for the effec-
tive verification of the proposed distributed control scheme.
Consider the MASs composed by one leader and five fol-
lowers, interacting with each other by Fig. 1. The dynamics
of the followers can be represented by (1) with the system
nonlinearity f;(-) = x; 1 +x; 2 and m; = i. The leader trajectory
is chosen as xp(f) = 10sin(#). Obviously, Assumptions 1-3
required in the problem formulation are satisfied.

Let tp = 0, and the initial value is chosen as x(0) =
(X0, op -+ > Xoy]” = [1,5,6,3,3,1,1,4,1,5]". The time-
varying function is ¥ () = €*% — 0.99. Simple calculations
verify the initial conditions ¥ (#p)|z;x(t0)] < 1 for i =
I,...,5 and k& = 1,2. With the designed protocol (2),
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Fig. 1. Communication topology.

5 10 15 20 25
Time(sec)

Fig. 2. Evolution of system states x; 1’s.
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Fig. 3. Evolution of system states x; »’s.
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Fig. 4. Evolution of relative states &; 1’s.
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Fig. 5. Evolution of relative states &; 5’s.
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Fig. 6. Evolution of funnel gains A; ’s.

by simulation, we obtain the following figures (Figs. 2-8),
exhibiting evolutions of the system state x;j, relative state
&i k, funnel gain h; x and control input ;. In particular, Figs. 2
and 3 illustrate the scaled bipartite consensus is achieved, and
meanwhile Figs. 4 and 5 show the prescribed performance
(convergence rate) of the relative states by |& 1| < (1/¢¥(¥))
and sup,-o ¥ (D1&i2] < + oo.
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60
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Fig. 7. Evolution of funnel gains h; 7’s.
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Fig. 8. Evolution of control inputs u;’s.

VI. CONCLUSION

This article has addressed the performance-prescribed
scaled bipartite consensus problem for MASs subject to
unknown control coefficients and completely unknown system
nonlinearities. A funnel-based distributed control protocol in
a fully distributed manner has been designed. It has been
proved that the relative states defined in the sense of scaled
bipartite consensus converge with a prescribed convergence
rate and ultimately tend to be zero. The performance analysis
has been done with the aid of the well-known Lyapunov
method. Especially, constructing a suitable Lyapunov function
candidate which involves the logarithm function as well as
some parameters (i.e., 8; and p;) associated with the directed
sign graph is rather critical to show the boundedness of funnel
gains h;’s. It is worth pointing out that the presented con-
sensus scheme is based on the structural balance of the signed
graph. Whether it is effective or how to design a new scheme,
when the structural balance is violated, deserves further effort.
Moreover, in the performance-prescribed context, optimal
and fault-tolerant controls for uncertain nonlinear MASs or
interconnected systems are also intriguing topics [7], [40].
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